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Statement of the problem

In R2 the dynamics of pursuers xi and evader y are
given by the following equations

ẋi = ui, xi(0) = xi0, i = 1, 2, ..., n,
ẏ = v, y(0) = y0,

(1)

where
xi, xi0, ui, y, y0, v ∈ R2, xi0 6= y0,
|ui| ≤ 1, i = 1, 2, ..., n, v ∈ D,
ui and v are control parameters of the pursuers
and evader, respectively,



Statement of the problem



Definitions

D = {(v1, v2)| v2
1 + v2

2 ≤ σ2, |v1| ≤ v2 tanϕ, v2 ≥ 0}

is the control set of the evader,
σ > 1 is a given number and ϕ ∈ (0, π2 ) is a given
angle.
Note that D is a sector of radius σ and central
angle 2ϕ.
Also, D doesn’t contain the control sets of the
pursuers, the unit circle centered at the origin.



Admissible controls

Definition 1

Borel measurable functions
ui(t) = (ui1(t), ui2(t)), |ui(t)| ≤ 1, t ≥ 0,
and
v(t) = (v1(t), v2(t)), v(t) ∈ D, t ≥ 0,
are called admissible controls of the pursuer xi and
evader y, respectively.

Let H(0, ρ) be a circle of radius ρ and centered
at the origin of R2. Let ψ1 = ψ1(t), ψ2 = ψ2(t) be
given functions.



Strategy of the evader

Definition 2

A function V(t, ψ1, ψ2, y, x1, ..., xn, u1, ..., un),

V : [0,∞)3 × R2(n+1) × H(0, 1)× · · · × H(0, 1)→ D,

is called strategy of the evader, if, for any admissible controls
u1 = u1(t), ..., un = un(t) of pursuers and at
ψ1 = ψ1(t), ψ2 = ψ2(t), the following initial value problem

ẋ1 = u1, x1(0) = x10,
...
ẋn = un, xn(0) = xn0,

ẏ = V(t, ψ1, ψ2, y, x1, ..., xn, u1, ..., un), y(0) = y0,

has a unique solution (x1(t), ..., xn(t), y(t)), t ≥ 0, with
absolutely continuous components x1(t), ..., xn(t), and y(t).



Evasion is possible

Definition 3

We say that evasion is possible in game (1) if there
exists a strategy V of the evader y such that for any
admissible controls of the pursuers
xi(t) 6= y(t) for all t ≥ 0 and i = 1, ..., n.

Problem 1
Find a condition to the angle ϕ and σ to guarantee
that evasion is possible in game (1).



Main result

Theorem 0.1
If σ sinϕ > 1, then, regardless of the initial
positions of the players, evasion is possible in
game (1).



ε-approach time of the pursuer to the evader

ẋ = u, x(0) = x0,

ẏ = v, y(0) = y0,
(2)

Strategy for the evader:

V0 = (0, σ), t ∈ [0, θ), (3)

where θ:
|y(θ)− x(θ)| = ε.

We call θ the ε-approach time of the pursuer to
the evader.



The trajectory of the evader

Figure: The trajectory of the evader when x1(θ) ≤ y1(θ)



Manoeuvre

V(t) =
(0, σ),(
± (τ + |u1(t)|) ,

√
σ2 − (τ + |u1(t)|)2

)
,

(0, σ),

0 ≤ t < θ,

θ ≤ t < θ′,

t ≥ θ′,

(4)
where

θ′ = θ +
2ε
δ
, δ =

√
(σ − 1)2 − τ 2, τ = σ sinϕ− 1.



Lemma

Lemma 4

Let the evader use strategy (4), and θ be the
ε-approach time of the pursuer x to the evader y.
Then

|y(t)− x(t)| ≥ ε, 0 ≤ t ≤ θ, (5)

|y(t)− x(t)| > τε

2σ
, θ ≤ t ≤ θ′, (6)

y2(t)− x2(t) ≥ ε, t ≥ θ′. (7)



Definitions of parameters

0 < ε1 < min
i=1,...,n

|y0 − xi0|, q =
τδ

25σ2 ,

εk+1 = q · εk, k = 1, 2, · · · .
t = θ1 > 0 is the ε1-approach time of a pursuer xi1
to the evader if

|xi1(θ1)− y(θ1)| = ε1

and

|xi(t)− y(t)| > ε1, 0 ≤ t < θ1, i = 1, 2, ..., n.



The εk-approach time

Let θk−1, k ≥ 2, be the εk−1-approach time.

Then we define the εk-approach time θk > θk−1 as
the time when for a pursuer xik the following
conditions are satisfied

|y(θk)− xik(θk)| = εk,

and

|y(t)− xi(t)| > εk, 0 ≤ t < θk, i = 1, ..., n.

θk can be the εk-approach time for several xi:



θk is the εk-approach time for several pursuers

Figure: θk is the εk-approach time for xi, xj, xk, xl.



Manoeuvres for the evader

Let y0 = (0, 0) and

θ′k = θk +
2εk

δ
, k = 1, 2, ..., θ0 = 0, θ′0 =∞.

θ′1, θ
′
2, ... is not necessarily monotone. The

manoeuvre of the evader against the pursuer
xk, k = 1, 2, ..., as follows

Vk1(t) =
{

τ + |uk1(t)|, xk1(θk) ≤ y1(θk),
−(τ + |uk1(t)|), xk1(θk) > y1(θk),

(8)

Vk2(t) =
√
σ2 − V2

k1(t).



Evasion strategy

First, the evader moves starting from the time
θ0 = 0 along the y-axis with v(t) = V0 = (0, σ).
If the ε1-approach time never occurs

|y(t)− xi(t)| > ε1, i = 1, 2, ..., n, t ≥ 0,

Hence, xi(t) 6= y(t), t ≥ 0, i = 1, 2, ..., n.
Let the ε1-approach time θ1 > 0 occur.
Suppose θk, k ≥ 1, happened. Then, depending
on occurrence of the time (unspecified) θk+1, the
evader’s strategy is constructed as follows:



Evasion strategy

(i) v(t) = Vk(t) on [θk, θk+1), if θk+1 ∈ [θk, θ
′
k).

(ii) v(t) = Vk(t) on [θk, θ
′
k), if θk+1 /∈ [θk, θ

′
k).



Evasion strategy

(iii) v(t) = V0 on [θ′k, θk+1), if θk+1 ∈ [θ′k,∞).

(iv) v(t) = V0 on [θ′k,∞), if θk+1 never occurs.



The functions ψ1(t) and ψ2(t)

Let ψ1(t) = max
θk≤t

θk = θK for some K ≥ 0. That is, θK

represents the greatest value among the numbers
θk that do not exceed the current time t.

Then, we define ψ2(t) = θ′K. Note that K = K(t)
depends on t and is redefined at each time θk.

Further the intervals θK ≤ t < θ′K and t ≥ θ′K are of
importance to assign a manoeuvre for the evader.

It should be noted that these intervals are
updated at each time θk too.



The functions ψ1(t) and ψ2(t)

The functions ψ1(t) and ψ2(t) are used to assign a
manoeuvre VK(t) for the evader at the current time
t. The evader’s strategy defined by items (i)–(iii)
means that v(t) = VK(t) for current time t whenever
θK ≤ t < θ′K, and v(t) = V0 if t ≥ θ′K.

For example, K = K(t) = 0, θ0 ≤ t < θ1.
Hence, v(t) = VK(t) = V0, θ0 ≤ t < θ1.
Next, K = K(t) = 1 for θ1 ≤ t < θ2, and so
v(t) = V1(t) whenever θ1 ≤ t < θ′1 and K(t) = 1,
and v(t) = V0 whenever t ≥ θ′1 and K(t) = 1.



Evasion is possible

Note that the strategy constructed above differs
from the strategy of Chernous’ko [2] in several
essential aspects.

In [2], when the evader moves along a spiral Lj, it
preserves a constant distance from the
corresponding pursuer, whereas under our
strategy the evader does not maintain a fixed
distance from the pursuers.



Evasion is possible

Moreover, in [2], after completing the j-th spiral Lj,
the evader continues its motion along the arcs of
the spirals Lj,Lj−1, . . . ,L1 or along a portion of the
horizontal axis,

while in the present work the evader switches from
the manoeuvre Vk(t) to Vk+1(t) or to V0 without
retracing previously visited arcs.



Evasion is possible

Another fundamental difference concerns the
number of manoeuvres: in [2] this number is
estimated by 2m − 1, whereas in the present work it
is bounded by m(m + 1)/2, reducing exponential
growth to quadratic.

Finally, in [2] the control set of the evader
contains the control sets of the pursuers, while
in the present work the evaderâĂŹs control set
D does not contain the pursuersâĂŹ control sets
H(0, 1).



Evasion is possible
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