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1. Statement of the problem
In the space Rm, we consider a linear differential game described by

a system of linear delay differential equations [1, 2]

ż(t) = Az(t) +Bz(t− h) + Cu(t)−Dv(t), t ≥ 0, (1)

where z(t) ∈ Rm, m ≥ 1; A, B, C, D are constant square (or rectan-
gular for C,D) matrices of orders (m×m), (m×m), (m× p), (m× q),
respectively. The symbol h is a fixed positive number (the delay); u (t)
is a control of the pursuer, v (t) is a control of the evader.

The pursuer’s aim is, by appropriately chosen control u, to steer the
trajectory of system (1) to a cylindrical terminal set M within finite
time. The terminal set has the form

M = M0 +M1. (2)

Here M0 is a linear subspace of Rm, and M1 is a nonempty compact
subset of a subspace L, where L is the orthogonal complement of M0

in Rm. Denote by π the operator of orthogonal projection from Rm
onto L, and by etA the fundamental matrix of the homogeneous part
of (1). Clearly z ∈M iff πz ∈M1.

Let {τi}∞i=1 be an increasing sequence of time moments without
finite accumulation points (every compact interval [a, b] contains finitely
many τi).

Pursuer’s admissible controls are impulse functions represented via
Dirac delta [3]:

u(t) =

∞∑
i=1

uiδ(t− τi), t ≥ 0, (3)
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where jump vectors ui ∈ P , P is a nonempty compact subset of Rp.
The class of admissible evader controls consists of measurable functions
v(·) such that

∞∫
0

‖v(t)‖2dt ≤ σ2 (4)

for fixed σ ≥ 0.
From these definitions the following problem arise.
Problem. For a given initial point ϕ(0) 6∈ M determine conditions

under which, for any admissible evader control v(·) (from the evader
class), using the available information, one can construct instantaneous
(impulse) pursuer controls u(·) at times τi (from the pursuer’s class of
impulses) such that the resulting trajectory z(t) of system (1), starting
from ϕ(·) ∈ X, reaches the terminal set M in finite time.

The initial state for system (1) is an m-dimensional absolutely con-
tinuous function ϕ(t) ∈ X, defined on the interval [−h, 0], where

X = ϕ(t): z(t) = ϕ(t), t ∈ [−h, 0], ϕ(0) ∈ Rm \M. (5)

By K(t), −∞ < t ≤ τ, —we denote the unique matrix function
possessing the following properties [1,2]: a) K(t) = 0̃ for t < 0, where 0̃
is the zero matrix of order m; b) K(0) = E, where E —is the identity
matrix of order m; c) the entries of the matrix K(t), belong to the class
C1[0, τ ]; d) for t > 0, the matrix function K(t) satisfies the matrix
differential equation K̇(t) = AK(t) +BK(t− h).

2. Solution to problem
In this section, we consider the game (1) under the assumption that

the pursuer employs impulsive controls represented by the Dirac delta
functions δ(t− τi) in the form (3), while the evader is allowed to apply
a measurable control v(t), t ≥ 0, satisfying condition (4). These are
referred to as the admissible controls of the pursuer and the admissible
controls of the evader, respectively.

Let τ− be an arbitrary positive number and let t ∈ [0, τ ]. Introduce
the following sets:

Ŵi(n, v(·)) = πK(τn − τi)CP −
τi∫

τi−1

πK(τn − t)Dv(t)dt,
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Wi(n) =
⋂

v(·)∈Q[τi−1,τi]

Ŵi(n, v(·)) = πK(τn − τi)CP ∗ Φi(n, τi−1, τi),

where the set Φi(n, τi−1, τi) is defined as

Φi(n, τi−1, τi) =
{
y ∈ L : y =

τi∫
τi−1

πK(τn−t)Dv(t)dt, v(·) ∈ Q[τi−1, τi]
}
,

i ∈ N, i = 1, 2, · · · , n. Here Q[τi−1, τi] denotes the set of all functions
v(·) measurable on [τi−1, τi] and satisfying the constraint

τi∫
τi−1

‖v(t)‖2dt ≤ σ2.

Assumption 1. The sets Wi(n) are nonempty for all n ∈ N and all
i = 1, 2, . . . , n.

By virtue of Assumption 1, from each set Wi(n) one can select
an element wi(n). Denote by ω = ω(n) = {wi(n)}ni=1 a collection
consisting of the elements wi(n), i = 1, 2, · · · , n. Fix this collection
and, following the basic scheme of resolving functions, define

ξ[n, ϕ(·), ω] = πK(τn−τ0)ϕ(0)+

0∫
−h

πK(τn− t−h)Bϕ(t)dt+

n∑
i=1

wi(n),

and introduce the scalar function λ̃i(n, ϕ(·), v(·), ω) as follows:

λ̃i(n, ϕ(·), v(·), ω) =

= sup
{
λ ≥ 0 : λ

[
M1 − ξ[n, ϕ(·), ω]

]⋂[
Ŵi(n, v(·))− wi(n)

]
6= ∅

}
.

Let k denote the following quantity:

k = k(n, ϕ(·), v(·), ω) =

= min

{
j ∈ {1, 2, . . . , n} :

j∑
i=1

λ̃i(n, ϕ(·), v(·), ω) ≥ 1

}
.
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If the inequality inside the braces is not satisfied for any j ∈
{1, 2, . . . , n}, then we set k = n+ 1.

Now we define the resolving function λi(n, ϕ(·), v(·), ω) as fol-
lows [2]:

λi(n, ϕ(·), v(·), ω) =



λ̃i(n, ϕ(·), v(·), ω), i = 1, 2, . . . , k − 1,

1−
k−1∑
j=1

λ̃j(n, ϕ(·), v(·), ω), i = k,

0, i = k + 1, . . . , n.

Theorem 1. Assume that for system (1) under the pursuer’s impulsive
control (3), Assumption 1 is satisfied, the sets M1 and P are convex,
and N(ϕ(·), ω) < +∞ for the initial state ϕ(·) ∈ X and some col-
lection ω. Then the trajectory z(t) of system (1) can be driven to the
terminal set M at the moment t = τN(ϕ(·),ω).
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